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Abstraci—It has been shown that optimizing quadratic
costs while stabilizing affine control systems to desired
(sets of) states subject to state and control constraints
can be reduced to a sequence of quadratic programs (QPs)
by using control barrier functions (CBFs) and control Lya-
punov functions (CLFs). In this article, we introduce adap-
tive CBFs (aCBFs) that can accommodate time-varying
control bounds and noise in the system dynamics while
also guaranteeing the feasibility of the QPs if the original
quadratic cost optimization problem itself is feasible, which
is a challenging problem in current approaches. We pro-
pose two different types of aCBFs: parameter-adaptive CBF
(PACBF) and relaxation-adaptive CBF (RACBF). Central to
aCBFs is the introduction of appropriate time-varying func-
tions to modify the definition of a common CBF. These time-
varying functions are treated as high-order CBFs with their
own auxiliary dynamics, which are stabilized by CLFs. We
demonstrate the advantages of using aCBFs over the ex-
isting CBF techniques by applying both the PACBF-based
method and the RACBF-based method to a cruise control
problem with time-varying road conditions and noise in the
system dynamics, and compare their relative performance.

Index Terms—Control barrier function (CBF), Lyapunov
methods, optimal control, safety-critical control.

[. INTRODUCTION

ARRIER functions (BFs) are Lyapunov-like functions [1],
B [2], whose use can be traced back to optimization prob-
lems [3]. More recently, they have been employed to prove set
invariance [4]-[6] and for multiobjective control [7]. In [1], it
was proved that if a BF for a given set satisfies Lyapunov-like
conditions, then the set is forward invariant. A less restrictive
form of a BF, which is allowed to grow when far away from the
boundary of the set, was proposed in [8]. Another approach that
allows a BF to become zero (the safe set boundary) was proposed
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in [9] and [10]. This simpler form has also been considered
in time-varying cases and applied to enforce signal temporal
logic formulas as hard constraints [10]. Control BFs (CBFs) are
extensions of BFs for control systems, and are used to map a
constraint defined over system states onto a constraint on the
control input. Recently, it has been shown that, to stabilize an
affine control system while optimizing a quadratic cost and satis-
fying state and control constraints, CBFs can be combined with
control Lyapunov functions (CLFs) [11]-[14] to form quadratic
programs (QPs) [8], [9], [15] that are solved in real time.

The CBFs from [8] and [9] work for constraints that have
relative degree one with respect to the system dynamics. A
backstepping approach was introduced in [16] to address higher
relative degree constraints, and it was shown to work for relative
degree two. A CBF method for position-based constraints with
relative degree two was also proposed in [17]. A more general
form [18], which works for arbitrarily high relative degree
constraints, employs input—output linearization and finds a pole
placement controller with negative poles to stabilize the CBF
to zero. Thus, this is an exponential CBF. The high-order CBF
(HOCBF) proposed in [19] is simpler and more general than
the exponential CBF [18] in the sense that it only needs to
recursively define a sequence of CBFs. Adaptive CBFs (aCBFs)
have been proposed in [20] for systems with parameter uncer-
tainties, and a less conservative Robust aCBF (RaCBF) [21] that
is combined with a data-driven method is proposed to achieve
adaptive safety. Machine learning techniques have also been
applied to achieve adaptive safety for systems with parameter
uncertainties [22], [23]. However, the associated QPs can easily
be infeasible when both state constraints (enforced by HOCBFs)
and tight control bounds are involved. Most works [10], [18],
[20]-[23] to date have not considered control bounds; moreover,
safety constraints are still not guaranteed when the QP becomes
infeasible. Although the constant penalties used in the definition
of the HOCBF can help to improve feasibility [19], this may not
work under time-varying control bounds and noisy dynamics. In
addition, the HOCBF method is conservative in the sense that
the satisfaction of the HOCBF constraint is only sufficient for
the original constraint to hold, which can adversely affect system
performance.

To address the aforementioned problem feasibility and con-
servativeness issues under time-varying control bounds and
noisy dynamics (as opposed to system parameter uncertainties),
in this article, we propose Adaptive CBFs (aCBFs). Specifi-
cally, we first propose a parameter-adaptive CBF (PACBF) by
introducing penalty functions in the definition of an HOCBFE,
and define auxiliary dynamics for these penalty functions that
are themselves HOCBFs (such that they are guaranteed to be
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nonnegative) and are stabilized by CLFs. This way, the PACBF
constraint is relaxed by the penalty functions through the con-
trol inputs of the auxiliary penalty function dynamics while
the forward invariance property of the HOCBF method is still
guaranteed. Since the PACBF constraint is relaxed through the
penalty functions, we show that its satisfaction is a necessary and
sufficient condition for the satisfaction of the original constraint,
which leads to improvements in the performance of the system.
In addition, we propose an alternative type of aCBF termed
relaxation-adaptive CBF (RACBF) by introducing a relaxation
variable to the original constraint, and treat it similarly to the
PACBEF so that the relaxation is guaranteed to be nonnegative. In
this way, the original constraint is also guaranteed to be satisfied.
Both PACBF and RACBF provide adaptivity for the CBFs, but
in different ways. The safety guarantee and adaptivity of aCBFs
are formally shown in the article.

The use of the CBF method can significantly simplify the
derivation of controls that satisfy all the constraints in an optimal
control problem, especially for high relative degree constraints
and nonlinear systems. The aCBF method we propose in this
article can address the feasibility and conservativeness issues of
the CBF method mentioned before. Thus, we can also formulate
optimal control problems with constraints given by aCBFs (ei-
ther PACBFs or RACBFs) and CLFs. We validate the adaptivity
of the proposed aCBF on an adaptive cruise control (ACC)
problem with different and time-varying control bounds (e.g., on
different road surfaces and with tires slipping), as well as with
noisy dynamics. The results clearly demonstrate the advantages
of the proposed aCBF. We also compare the performances of the
CBF-based, PACBF-based, and RACBF-based methods.

The remainder of the article is organized as follows. In
Section II, we provide background and preliminary results on
HOCBFs and CLFs, and then introduce the PACBF in Sec-
tion III. The RACBF is presented in Section IV. The ACC
problem is formulated and solved in Section V, followed by
simulations in Section VI. We conclude with final remarks and
directions for future work in Section VIL.

[l. PRELIMINARIES

Definition 1 (Class K function [24]): A continuous function
a:[0,a) — [0,00),a > 0 is said to belong to class K if it is
strictly increasing and «(0) = 0.

Consider an affine control system of the form

& = f(z) +g9(x)u (D

where © € R”, f: R® — R" and g : R” — R™*7 are locally
Lipschitz, and w € U C R? is the control constraint set defined
as

U = {u c Rq : Umin é u S umax} (2)

With Umin, Umax € RY and the inequalities are interpreted com-
ponentwise. There is usually some noise in the dynamics (1),
and such noise could enter either additively or multiplicatively
in f(x) and/or g(x). We will show in the sequel how to deal
with the presence of noise.

Definition 2: A set C' C R is forward invariant for system
(1) if its solutions starting at any x(0) € C' satisfy x(t) € C,
vt > 0.

Definition 3 (Relative degree): The relative degree of a (suf-
ficiently many times) differentiable function b : R® — R with
respect to system (1) is the number of times it needs to be
differentiated along its dynamics until the control w explicitly
shows in the corresponding derivative.

In this article, since function b is used to define a constraint
b(x) > 0, we will also refer to the relative degree of b as the
relative degree of the constraint. For a constraint b(x) > 0 with
relative degree m, b : R™ — R, and ¢g(x) := b(x), we define
a sequence of functions ¢; : R = R,i € {1,...,m}

Vi(x) = i1 () + (i1 (), ie{l,....m} ()

where a;(+),7 € {1,...,m} denotes a (m — 4)th order differ-
entiable class K function.

We further define a sequence of sets C;,i € {1,...,m} as-
sociated with (3) in the form

C; = {:c eR™: ¢i,1($) > 0}, 1€ {]., . 7m}. (@]

Definition 4 (High-Order Control BF [19]): LetC4,...,Cy,
be defined by (4 ) and 91 (), ..., ¢¥m(x) be defined by (3).
A function b : R™ — R is an HOCBF of relative degree m for
system (1) if there exist (m — ¢)th order differentiable class

K functions «;,i € {1,...,m — 1} and a class K function oy,
such that

Sup[Lb() + [ Ly L b()]u-+ S (b()

uclU (5)

+am (wmfl (iL‘))] Z 0

forallx € CiN,...,NC,,.In(5), L}” (Lg) denotes Lie deriva-
tives along f (g) m (one) times, and

m—1
S(b(w)) = Z L}(O‘m—i © d)m—i—l)(aj)
i=1
where o denotes the composition of functions. Furthermore,
b(x) is such that LgL;”_lb(ac) # 0 on the boundary of the set
Cin,...,NCy,.

The HOCBEF is a general form of the relative degree one
CBF [8]-[10] (setting m = 1 reduces the HOCBEF to the com-
mon CBF form in [8]-[10]), and it is also a more general
form of the exponential CBF [18]. Note that we can define
a;(+),i € {1,...,m} in Definition 4 to be extended class K
functions (« : [—a, a] — [—00, 00] as in Definition 1) to ensure
robustness of an HOCBF to perturbations [25]; this is due to
the fact that the HOCBF constraint becomes a Lyapunov-like
condition with extended class K functions. However, the use
of extended class K functions cannot ensure a constraint to be
satisfied if it is initially violated. Thus, in this article, we only
focus on the use of class /C functions.

Theorem 1 (see [19]): Given an HOCBF b(x) from Defi-
nition 4 with the associated sets C1,...,C), defined by (4),
if z(0) € C1n,...,NCy,, then any Lipschitz continuous con-
troller w(t) that satisfies (5), V¢t > 0 renders C1N,...,NC,,
forward invariant for system (1).
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Definition 5 (Control Lyapunov function [14]): A continu-
ously differentiable function V' : R™ — R is an exponentially
stabilizing CLF for system (1) if there exist constants c; >
0,c2 > 0,c3 > 0 such that for V& € R™, ¢1||z||? < V(x) <
ezl

inl];[LfV(ac) + LgV(x)u+ c3V(x)] <O0. (6)
ue

Many existing works [8], [18], [26] combine CBFs for sys-
tems with relative degree one with quadratic costs to form op-
timization problems. An explicit solution to such problems can
be obtained based on some assumptions [25]. Alternatively, we
can discretize time and an optimization problem with constraints
given by the CBFs [inequalities of the form (5)] is solved at each
time step. The intersampling effect in this approach is considered
in [26]. If convergence to a state is desired, then a CLF constraint
of the form (6) is added, as in [8] and [26]. Note that these
constraints are linear in control since the state value is fixed
at the beginning of the interval; therefore, each optimization
problem is a QP. The optimal control obtained by solving each
QP is applied at the current time step and held constant for the
whole interval. The state is updated using dynamics (1), and the
procedure is repeated. Replacing CBFs by HOCBFs allows us
to handle constraints with arbitrary relative degree [19]. This
method works conditioned on the fact that the QP at every time
step is feasible. However, this is not guaranteed, in particular
under tight control bounds. In this article, we show how the QP
feasibility can be guaranteed by using adaptive CBFs.

Ill. PARAMETER-ACBFS

We introduce the PACBF in this section. We begin with a
simple example to motivate the need for PACBFs and to illustrate
the main ideas.

A. Example: Simplified ACC

Consider the simplified ACC (SACC) problem with the ego
(controlled) vehicle dynamics in the form

{zgm - {vp —Ov(t)] + Lﬂ u(t) 7

where z(t) denotes the distance between the preceding and the
ego vehicle, v, > 0, v(t) denote the velocities of the preceding
and ego vehicles along the lane (the velocity of the preceding
vehicle is assumed constant), respectively, and u(¢) is the control
of the ego vehicle, subject to the constraints

Umin < U(t) < Upax VE>0 (8

where Umin < 0 and Uy, > 0 are the minimum and maximum
control input, respectively.

We require that the distance z(t) between the ego vehicle
and its immediately preceding vehicle be greater than [, > 0
(the coordinates of the ego vehicle and the preceding vehicle,
respectively, are measured from the same origin), i.e.,

2(t) > 1, Vt>0. 9)

Let x(t) := (v(t),2(¢)) and b(x(t)) := 2(t) — l,,. The rel-
ative degree of b(x(t)) is m = 2, so we choose an HOCBF

following Definition 4 by defining o(x(t)) := b(x(t)),
a1 (o(@(t))) = Yo(@(t) and as((@(t)) = 1 (@(1)).
Then, we seek a control for the ego vehicle such that the
constraint (9) is satisfied. The control u(t) should satisfy (5),
which in this case is

+ 1
~
LgLygb(x(t))

xu(t) + v, — v(t)
————
S(b(=(t)))

+u, —v(t)+ 2(t) =1, > 0.

s (Y1 (z(1)))

(10)

Suppose we wish to minimize fOT u?(t)dt. Then, we can use
the QP-based method [8] outlined at the end of the last section
to solve this SACC problem. However, the HOCBF constraint
(10) can easily conflict with uy;, < w(t) in (8) when the two
vehicles get close to each other, as shown in [19]. When this
happens, the QP will be infeasible. We can use the penalty
method from the work in [19] to improve the QP feasibil-
ity, i.e., we define 1 (z(t)) = b(x(t)) + pb(x(t)), Y2 (x(t)) =
¥y (x(t)) + pi(x(t)), p > 0in (3). Based on (10), the control
u(t) should then satisfy

0 + =1 xu(t)+plv, —v(t))
L3b(@(t))  LgLjsb(x(t)) S(b(z(1)))

(11)
+p(vp —0(t) +p*(2(t) — 1) > 0.

pas (Y1 (x(t)))

Given up;,, we can find a small enough value for p such that
(11) will not conflict with uy;, in (8), i.e., the QP is always
feasible. However, in practice the value of uy,, is not a constant;
it depends on weather conditions, different road surfaces, etc.
Therefore, a proper choice of p for specific conditions ensuring
that the QP is feasible is not easy to make when the environment
changes. Moreover, the assumption of a constant speed v,, for
the front vehicle is too strong, and noise in the vehicle dynamics
may also make the QP infeasible. This motivates us to define
an aCBF that works for time-varying control bounds and noisy
dynamics, i.e., it theoretically ensures that the QP is always
feasible.

B. Parameter aCBF

The key idea in converting a regular CBF into an adaptive
one is to include the penalty terms as shown in (11) and, then,
replace them by time-varying functions with suitable properties
as detailed next. Starting with a relative degree m function
b:R"™ — R, let Yo(x) := b(x). Then, instead of using a con-
stant penalty p; > 0,7 € {1,...,m} for each class K function
«;(+) in the definition of an HOCBF [19], we define a time-
varying penalty function p;(t) > 0,4 € {1,...,m}, and use it
as a multiplicative factor for each class K function «;(-). Let
p(t) := (p1(t),...,pm(t)). Similar to (3), we define a sequence
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of functions ¢; : R™ x R™ — R,¢ € {1,...,m} in the form

Y1 (2, p(t)) := o () + pi(t)en (¢o())
Gi(@,p(t)) == Y1 (@, p(t)) + pi(t) i (Pi1 (2, (1)),
i€{2,...,m}

12)
where «;(-),i € {1,...,m—1} is a (m—1)th-order differen-
tiable class K function, and o, (+) is a class K function.

We further define a sequence of sets C;,i € {1,...,m} as-
sociated with (12) in the form

= {a; ceR": wo(w) > 0} (13)

Ci == {(z,p(t)) € R" x R™ : ¢p;_1(, p(t)) = 0}.

The remaining question is how to choose p;(t),7 €
{1,...,m}. We require that p;(¢t) > 0,Vi € {1,...,m —1};
therefore, we define each p;(t) to be an HOCBF, similar to the
definition of () > 0in Definition 4. Just like b(x) is associated
with the dynamic system (1), we need to introduce an auxiliary
dynamic system for p;(t). Moreover, as in Definition 4, each
penalty functionp;(t),7 € {1, ..., m — 1} will be differentiated
m — ¢ times while p,, (¢) is not differentiated. Thus, we start by

defining ﬂ'i(t) = (7Ti71(t), Wi,g(t), - 77Ti,m—i(t)) S Rm_j’,i S
{1,...,m —2}, where m; ; € R, j € {1l,...,m — i} are the
auxiliary state variables. Next, we define 7w,,, 1 (t) = pp,_1(t) €

R, which needs to be differentiated only once. Finally, we set
Pm(t) > 0 as some function to be determined. Let m; 1 (f) =
p;i(t) in (12). We define input-output linearizable auxiliary
dynamics for each p; (we, henceforth, omit the time variable
t for simplicity) through the auxiliary state 7r; in the form
WZ:FZTFZ UL ) 1,...,m—1

(i) + Gi(mi) e{ } 14

Yi = Di

where y; denotes the output, F; : R~ — R™* G; : R~ —
R™% and v; € R denotes the control input for the auxiliary
dynamics (14). The exact forms of F;, GG; do not greatly affect
the system performance as they are mainly used to guarantee the
nonnegative property of p; shown later. For simplicity, we usu-
ally adopt linear forms. For example, we define p,,—o = T,—2.2,
Tm—2,2 = Vm—2 since we need to differentiate p,,_o twice as
in Definition 4, and define p,, 1 = v,,_1 since we need to
differentiate p,, 1 once. We can initialize 7r;(0) to any vector
as long as p;(0) > 0.

An alternative way of viewing (14) is by defining a set of
additional state variables, which cause the dynamic system (1)
to be augmented. In particular, let IT := (7q, ..., 7p_1), v
(v1, ..., Vm—1), where v;,i € {1,...,m — 1} are the controls
in the auxiliary dynamics (14). In order to properly define the
PACBF, we augment system (1) with the auxiliary dynamics
(14) in the form

[rﬂ = [FJ‘;((Q:I)I)}L[Q({)E) GO?H)} {Z] (15)

where Fo(IT) = (Fy (), ... ,Fm_l(ﬁm_l)) and Go(II) is a
matrix composed by G;(7;),i € {1,. — 1} with dimen-
sion ™0m=U o (my — 1), F: RS b S RHEEE G

RA+H™EE L R+ < (g4m-1)

Since p; is an HOCBF with relative degree m — 4 for (14),
similar to (5), we define a constraint set U, s (IT) for v

UM ={v € R™ " : L 'pi+[La, L7 ' pilvi+S(pi)
+am—i(Vim-i-1(pi)) 20 Vie{1,2,...,m—1}}
(16)

where 1; ,,—;—1(+) is defined similar to (3).

Definition 6: Let C;,i € {1,...,m} be defined by (13),
Yi(x,p),i € {1,...,m} be defined by (12), and the auxiliary
dynamics be defined by (14). A functionb : R” — R isa PACBF
with relative degree m for (1) if every p;, ¢ € {1,...,m — 1}is
an HOCBF with relative degree m — ¢ for the auxiliary dynamics
(14), and there exist (m — é)th-order differentiable class K

functions «;,i € {1,...,m — 1}, and a class K function o,
such that
sup [L?b(w)—&—[LgL}’l’lb(:c)]u
uEU,VGUbe
m—1
+ a;i(i1)[La, LE " " pilvi +R(b(z), p) (17)
i=1
m—1
+ > [LE "pilei(Vi-1) +pmcm (Pm-1)] > 0
i=1

for all € Cy,(x,p) € Can,...,NCyy,, and all p,, > 0. In
(17), R(b(x), p) denotes the remaining Lie derivative terms of
b(x) (or p) along f (or Fy,i € {1,...,m — 1}) with degree less
than m (or m — 1), similar to the form in (5).

In (17), the explicit terms R(b(x), p) are omitted for simplic-
ity, but examples can be found in the revisited SACC example
later in this section or in Section V. The complex PACBF con-
straint (17) can be simplified [similar to (5)] if we just consider
the augmented dynamics (15) in the form

sup  [LPb(x) + [La Ly 'b(x)|u

uGU,VEUcbf

+S(b(x), p,v) + am(Ym-1(z,p))] = 0

where S(b(x),p,v) is linear in v and contains «;(-),i €
{1,...,m — 1} [similar to the form in (5)]. Note that ;() in
the last equation denote general class /C functions, and they can
be different from the ones in (17).

Given a PACBF b(x), we consider all control values (u, v) €
U x Uegpy(IT) that satisfy

Kooy (2, TI) = {(u,v) € U x Uap(I1) : [Ly L7 b(2)]u

(18)

m—1 m—1
+ > (i) [La, LE oy + > (LR ' pilo(vi1)
i=1 1=1

+L7b(x) + R(b(x), p) + PmOm (Ym-1) = 0}
(19)
Theorem 2: Given a PACBF b(x) from Definition 6 with the
associated sets C1, Co, ..., C,, defined by (13), if (0) € C;
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and (x(0),p(0)) € C2N,...,NC,,, then any Lipschitz contin-
uous controller (w(t), v(t)) € Kaeps(x(t),II(t)),Vt > 0 ren-
ders the set C' forward invariant for system (1) and Cy N -+ - N
C,,, forward invariant for systems (1) and (14), respectively.

Proof: If b(x) is a PACBF, then p,,(t) > 0,V¢ > 0. Con-
straint (17) is the Lie derivative form of b, 1 (z,p) +
P (U1 (2, p)) > 0.If p,p, () > 0,V > 0, it follows from
Theorem 1 that ¢,,,_1(x(t), p(t)) > 0,Vt > 0. If p,,(t) =0,
then v, 1 (, p) > 0. Since (x,p) € Cy, (i.e., Y1 (z,p) >
0 is initially satisfied), we have 1y, 1 (x(t), p(t)) > 0,Vt > 0.
Because p;, Vi € {1,...,m — 1} is an HOCBF for the auxil-
iary dynamics (14), it follows from Theorem 1 that p;(¢) >
0,vt > 0,Vi € {1,...,m — 1}. Then, we can recursively prove
that ¢; (x(t), p(t)) > 0,Vt > 0,Vi € {2,...,m — 2} similarto
the case ¢ =m — 1, and eventually prove that g (x(t)) >
0,Vt >0, i.e., b(x(t)) > 0,Vt > 0. Therefore, the sets C; and
Con, ..., NC,, are forward invariant. |

Remark 1 (Adaptivity of PACBFs): In the PACBF constraint
(17), the control u of system (1) depends on the controls v;, Vi €
{1,...,m — 1} of the auxiliary dynamics (14). The control v;
is only constrained by the HOCBF constraint in (16) since we
require that p; is an HOCBF, and there are no control bounds on
v;. Therefore, we partially relax the constraints on the control
input of system (1) in the PACBF constraint (17) by allowing the
penalty function p;(t),Vi € {1,...,m} to change through v.
However, the forward invariance of the set C' is still guaranteed,
i.e., the original constraint b(x) > 0is guaranteed to be satisfied.
This is how a PACBF provides “adaptivity.” Note that we may
not need to define a penalty function p; for every class K function
a;(+) in (12); we can instead define penalty functions for only
some of them.

Adaptivity to Changing Control Bounds and Noisy Dynamics:
In the HOCBF method, the QPs may be infeasible in the presence
of both control limitations (2) and the HOCBF constraint (5).
There are two reasons for the problem to become infeasible:
() the control limitations (2) are too tight or they are time
varying such that the HOCBF constraint (5) will conflict with (2)
after it becomes active; (7¢) the dynamics (1) are not accurately
modeled, there may be uncertain variables, etc. In case (%), the
HOCBF constraint (5) might also conflict with (2) when both
of them become active. This is because the state variables also
show up in the HOCBF constraint (5); thus, the noisy dynamics
can easily (and randomly) change the HOCBF constraint (5)
through the (noisy) state variables such that (5) may conflict
with the control limitations when they are also active. However,
the QP feasibility is not only improved, but in fact guaranteed
as will be shown in Theorem 4. This is because in the PACBF
method, the control w in the PACBF constraint (17) is relaxed
by v;, Vi € {1,...,m — 1}, as discussed in Remark 1.

Theorem 3: Given an PACBF b(x) from Definition 6 with the
associated sets C1, . . ., Cy, defined by (13),if b(z(0)) > 0, then
the satisfaction of the PACBF constraint (17) is a necessary and
sufficient condition for the satisfaction of the original constraint
b(x) > 0.

Proof: 1fb(x(0)) > 0, it follows from Theorem 2 that we can
always choose proper class K functions (linear, quadratic, etc.)
such that ¥o(x(t)) = b(x) > 0 and ¢;(z(t),p(t)) > 0,i €

{1,...,m — 1},Vt > 0. Thus, the satisfaction of the PACBF
constraint (17) is a sufficient condition for the satisfaction of the
original constraint b(z) > 0.

Ifb(x(t)) > 0, there exists a penalty functionp; (£) > 0 (since
p1(t) is an HOCBF) such that b(x) > —p1 (t)ay (b(x)) for any
b() with respect to dynamics (1) (because oy (b(x)) > 0). With
Yo(x) = b(x) in (12), we have o(z) + p1(t)au (¢o(z)) >
0 (i.e., Y¥1(z,p) > 0). The ith derivative of b(x) shows in
¥, i €{2,...,m — 1}, and we can also prove similarly that
there exists a penalty function p;(¢) > 0 (since p;(t) is an
HOCBF) such that ¢;(x,p) > 0,7 € {2,...,m — 1} in a re-
C}lrsive way. Eventually, there exists p,,(t) > 0 such that
¢m—1(93»p) +Pm(t)am(1/1m—1($ap)) >0 (i~e" wm(a:vp) >
0). Since ¥, (x, p) > 0 is equivalent to the satisfaction of the
PACBF constraint (17), it follows that the satisfaction of the
PACBEF constraint (17) is a necessary condition for the satisfac-
tion of the original constraint b(x(t)) > 0. [ ]

Note that we exclude b(x) = 0in Theorem 3. The satisfaction
of the PACBF constraint (17) is equivalent to the satisfaction of
b(x) > 0; hence, the system performance is not reduced by the
mapping of a constraint from state to control (this is how the
standard CBFs work). In essence, we have added some extra
degrees of freedom to our ability to satisfy the constraints of
the original optimal control problem by augmenting system
(1)—(15). These degrees of freedom come from II, which is
controlled by v. Therefore, if the PACBF is a legitimate CBF
for the augmented system, it guarantees the satisfaction of the
original constraint and the QP feasibility. The use of a PACBF
provides flexibility in constraint satisfaction in a dynamic (time
varying) way at the expense of dealing with additional state
variables IT.

Example Revisited: For the SACC problem introduced in
Section III-A, we define a PACBF with m = 2 for (9). We still
choose aq(b(x(t))) = b(x(t)) and aq (1 (x(t))) = ¥1(x(t))
in Definition 6. Suppose we only consider a penalty function
p1(t) on the class K function o (+) and define linear dynamics
for py in the simple form p; = 14 [note that 71 = p; in (14)]. In
order for b(x(t)) := z(t) — I, to be a PACBF for (7), a control
input u(t) should satisfy

0 + —1 xu)+ (:()—1) xun(t)
L3b(z(t))  LgLpb(z(t)) [Laypi(t)]ar(b(x(t)))

+p1(8)(vp —o(t)) +vp —v () +p1 (8)(2(¢) ~1p) > 0.
R(b((1)).p(1)) aa (¥ (@(1).p(1)))

(20)
Comparing the previous equation with (11), we replace the
constant pin (11) with p (¢), and thus, the control u(t) is relaxed
by v (). This can actually guarantee the problem feasibility as
will be shown in Theorem 4.

Since w(t) depends on vy that has no bounds, the control
input u(t) in the above PACBF constraint is relaxed. Thus, this
constraint is adaptive to the change of the control bound i,
in (8) and uncertainties in v, and x,(t) from the front vehicle.
Note that p; (¢) should be an HOCBF for the auxiliary dynamics
p1 = v1. The control input v, is subject to the corresponding
HOCBEF constraint such that p; (¢) > 0, V¢ > 0 is satisfied.
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C. Optimal Control With PACBFs

Consider an optimal control problem for system (1)

T
min [ c(lu(o)lat

2y
where || - || denotes the two-norm of a vector, C(+) is a strictly
increasing function of its argument, and 7" > 0.

Suppose system (1) is not accurately modeled and may also
have noisy states [e.g., as an additive term to (1)]. In addi-
tion, system (1) has time-varying control bounds defined as
Umin (1), Umax (t) € RY, where we assume that Umin (t), Umax (t)
are Lipschitz continuous

Ult) ={u € R : upmpn(t) <u <

Umax (£) }- (22)

Assume a (safety) constraint b(x) > 0 with relative degree m
has to be satisfied by system (1). We use the PACBF method
to guarantee b(x) > 0 so that u should satisfy the PACBF
constraint (17). Moreover, each v;,i € {1,...,m — 1} is con-
strained by the HOCBF constraint (16) corresponding to the
constraint p;(t) > 0 for the auxiliary dynamics (14).

Note that the control v from the auxiliary dynamics is only
subject to the HOCBF constraints defined in (16). In particular,

foreachv;,i € {1,...,m — 1} this constraint is one-sided, i.e.,
—L7'pi — S(pi) = am—i(Vism—i-1(pi
y> LRP (p:) (Vim—i-1(pi)) 23

- Le, L 'p;

if Lg, L3 ~"~'p; > 0. The adaptivity of a PACBF depends on the
auxiliary dynamics (14) through v;. If v; changes too fast, it can
affect the smoothness of the control w obtained through solving
the associated QPs, which may adversely affect the performance
of system (1).

If we add control bounds on v;, the problem feasibility may
be decreased (i.e., the adaptivity of a PACBF is weakened). If
we add a quadratic penalty term /2 into the cost function, then
p; may maintain a large value, which contradicts the penalty
method from [19] (i.e., we wish to have a small enough value
of p; to improve the problem feasibility). Therefore, in order
to decrease p; when it is large, we seek to minimize v; and
stabilize each p; () to a small enough value p} > 0 (for example,
as recommended by the penalty method from [19] or by the
optimal penalties learned in [27]). We choose smaller pf if a;(-)
is a high-order (e.g., polynomial) function as its value is larger
and requires more penalization. The choice of p} can provide
conditions such that the problem feasibility is guaranteed, as
shown in Theorem 4.

Assuming the auxiliary dynamics (14) are input—output lin-
earized (otherwise, we perform input—output linearization), we
can use either the tracking control from [24] or the CLF to
stabilize p;(t), i.e., if m = 1, we minimize (p; — p})?, if m =
2, we define a CLF Vj(p1) := (p1 — p})? as in Definition 5,
and if m > 2, we find a desired state feedback form p; ,,—;

for p; m—s
—k1(pi — p;), i=m—2
Pimei = { —Rpi=pi) =kepio =i Fmiapimia,
< m—2
(24)
where k1 > 0,...,ky,_;—1 > 0. In the last equation, if i =
m — 1, we can directly define a CLF V;(m;) := (p; — p})? asin
Definition 5.
Then, we candefinea CLF V; (7;) := (pim—i — Pim—i)?,i €

{1,...,m — 1} (the relative degree of V;(7r;) is one) to stabilize
each p; with c; = € > 01in Definition 5, so that any control input
v; should satisfy

Lg,Vi(mi) + La, Vi(mi)vi + €Vi(m;) < 65 (25)

where §; is a relaxation variable that we seek to minimize.

In all cases, we may also want to stabilize p,,,, which is not
differentiated, by minimizing (p,, — p;,)?. Therefore, letting
6 :=(01,92,...,0m-1), we can reformulate the cost (21) to
incorporate the PACBF as follows:

T
min / C(||u(t)
w(t),v(4),6(t),pm(t) Jo

+ZP52

subjectto (1), (14), (17), and (22), the HOCBF constraint in (16)
for each p; > 0,i € {1,...,m — 1}, p;,(t) > 0, and the CLF
constraint (25). In (26), W; > 0,P; > 0,i € {1,...,m — 1},
and @ > 0. Then, we can use the QP-based approach introduced
at the end of Section II to solve (26).

Finding the weights in (26) may not be a simple task, as
the ranges of the associated controllable variables may vary
widely. Therefore, we normalize each term and form a convex
combination

ZWVZ

(26)

)+ Qm(t) — p)?| dt

m—1
: C(llu(®)[]) vi(t
min + W;————
u(t),v(t),8(t),pm(t) /O [ Ulim Z Vi max
(27)
(pm(t) — D)’
4 Pz m dt
Z z max pm,max

subject to the same constraints as (26), where ¢y + Z::l W, +
Z;’;l P; + @ = 1. The aforementioned upper bounds are cho-
sen so that Uiy = sUPyey C([|w(t)|])s Vimax > 0, 0 max >
0, P max > 0.Since v;(t), §;(t), pm (t) do not have any natural
upper bounds, it is hard to determine ; max, 0imax, Pm,max-
However, we can exploit the fact that v; yax, 9i max; Dm,max are
always desired to have small values and set these to be the largest
acceptable values, depending on the problem of interest.
Complexity: The time complexity of each QP is polynomial
in the dimension d > 0 of decision variables. In the HOCBF-
based QP, d = ¢, where ¢ is the dimension of the control u.
However, in (27), d = ¢ + 2 m — 1. We increase the adaptivity
of the CBF method at the expense of more computation time,
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but the PACBF-based QP is still fast enough, as also seen in  the form
Section VI.

Yoz, r(t)) :=b(x) — r(t) (28)

Due to the pointwise solving method of the QP (27) introduced
at the end of Section II, we can claim that an optimal control
problem is “intrinsically” infeasible starting at some time instant
when the safety constraint b(x) > 0 conflicts with the control
bounds (22) no matter how we choose the control law for system
(1). The PACBF constraint (17) is active when (u, v/) makes both
(17) and (16) equalities. If the PACBF constraint (17) becomes
active earlier, the QP (27) is easier to be feasible as system
(1) has a longer time horizon to adjust its state under control
bounds (22). Let £y > 0 denote the last time that the problem
(21), subject to (22) and b(x) > 0, is feasible. In the following
theorem, we provide conditions such that the feasibility of the
QP (27) is guaranteed.

Theorem 4: Suppose x(0) is not on the boundary of Cy. If
the PACBF constraint (17) is active before ¢ ¢, then the QP (27)
feasibility is guaranteed.

Proof: Since (0) is not on the boundary of C7, we have by
Theorem 3 that the satisfaction of the PACBF constraint (17) is a
necessary and sufficient condition for the satisfaction of b(x) >
0, thus, b(x) > 0 < (17), and the mapping of a constraint from
the state onto the control will not limit the control that system
(1) can take with respect to the original problem (21), subject
to (22) and b(x) > 0. As the problem (21), subject to (22) and
b(x) > 0, is feasible, there exists a control law such that the
problem is feasible after the PACBF constraint (17) becomes
active; hence, the QP (27) feasibility is guaranteed. |

Remark 2: In order to apply Theorem 4, we may try to find
pi > 0,4 € {1,...,m} withp; = p; in (25) such that system (1)
should take (%) = Umay (1) OF Uiy (t) (or mixture of maximum
and minimum controls), V¢ > ¢, to make the QP (27) feasible,
where t, > 0 denotes the time that the PACBF constraint (17)
first becomes active. Then, any p} < p;,Vi € {1,...,m} can
make the QP (27) feasible with the PACBF method, as smaller
penalties make the PACBF constraint become active earlier [19].
When noise is involved and it is bounded, we can apply the
worst case noise (i.e., its bound) to system (1) and, as above,
find p; > 0 with p; = p; in (25) such that system (1) should
take wu(t) = Umax(t) OF Umin(t) (or mixture of maximum and
minimum controls), V¢ > t, to make the QP (27) feasible. Then,
any p; < p; would work when the noise is within the bound.

IV. RELAXATION-ACBFs

In this section, we introduce the RACBF. The RACBF works
similarly as the PACBF, but tries to obtain adaptivity through
a relaxation variable from the original constraint instead of
introducing penalty functions to the HOCBF in Definition 4.

A. Relaxation-aCBF

Recall that in PACBFs, we define ¢ (x) = b(x) for arelative
degree m function b(x), where b: R™ — R, and introduce
multiplicative penalty functions to all class K functions in (12)
to obtain adaptivity. As an alternative, we may also relax g in

where 7(t) > 0is arelaxation that plays a similar role as penalty
functions in a PACBF to obtain adaptivity.

We require that r(¢) > 0,Vt > 0; therefore, we define r(¢) to
be an HOCBEF, similar to the definition of b(x) > 0 in Definition
4. Just like b(x) is associated with the dynamic system (1), we
need to introduce an auxiliary dynamic system for r(t). More-
over, as in Definition 4, the relaxation (¢) will be differentiated
m times. Thus, we define R(t) := (ri(t),r2(t),...,rm(t)) €
R™, where 7 (t) =7(¢t) and r; € R, j € {2,...,m} are the
auxiliary state variables for which we define input—output lin-
earizable auxiliary dynamics for r(¢) (we, henceforth, omit the
time variable ¢ for simplicity) in the form

R = fo(R) + go(R)v
y=r

(29)

where y denotes the output, fy : R™ — R™, gg : R™ — R™,
and v € R denotes the control input for the auxiliary dynamics
(29). The exact forms of fj, go may be defined based on a specific
application. For simplicity, we usually adopt a linear form. We
can initialize 7 (0) to any real number vector as long as (0) > 0.

In order to properly define the RACBF, we augment system
(1) with the auxiliary dynamics (29) in the form

3]-[L5a] 5 ] 2

F(x,R)

(30)

G(z,R)

where F': Rt — R+m G RHm — R(vEm)x(atl),
Since r is an HOCBF with relative degree m for (29), similar
to (5), we define a constraint set Uy (R) for v

Uy(R)={v eR: L?’Z;r—i—[LgoL}’;_lr]u—I—S(r)
+04m(1/}m—1(r)) > O}

where 1,1 (r) is defined similar to (3).

With the auxiliary dynamics (29), we have ¥y(z, R) =
b(x) — r. We define a sequence of functions ; : R* ™™ —
R,i € {1,...,m} in the form

Yi(x, R) :=1;_1 (2, R) + a;(vi_1(z, R)),i € {1,...,m}

€1V

(32)
where «;(-),7 € {1,...,m} denotes a (m — 7)th-order differ-
entiable class K function.

We further define a sequence of sets C;,i € {1,...,m} as-

sociated with (32) in the form

Ci={(z,R) € R"™™ : ¢, 4(x,R) >0},ic{l,...,m}.
(33)
Definition 7: Let C;,i € {1,...,m} be defined by (33),
Yi(x, R),i € {1,...,m} be defined by (32) with 1o (x, R) :=
b(x) — r(t), and the auxiliary dynamics be defined by (29). A
function b : R™ — R is an RACBF with relative degree m for
(30) if r is an HOCBF with relative degree m for the auxiliary
dynamics (29), and there exist (m — i)th,i € {1,...,m — 1},
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order differentiable class /C functions «;, and a class C function
vy, such that

V} (34)
+S(¢0($7 R)) + O‘m(wmfl(ma R))] >0

forall (x, R) € C1N,...,NC,. In (34), S(¢y(x, R)) denotes
the remaining Lie derivative terms of ¢ (x, R) along F' with
degree less than m.

Theorem 5: Given an RACBF b(x) from Definition 7
with the associated sets Ci,...,C,, defined by (33), if
(x(0), R(0) € CiN,...,NC,,, then any Lipschitz continu-
ous controller (u(t),v(t)) that satisfies (34), V¢ > 0 renders
Ccin,...,NC,, forward invariant for system (30), and renders
b(x(t)) > 0,Vt > 0 for system (1).

Proof: Tt follows from Theorem 1 that the set C1N, ..., NC,,
is forward invariant for system (30). Since r(¢) is an HOCBF,
we also have r(t) > 0,Vt > 0. Since C is forward invariant, we
have ¢y (x(t), R(t)) = b(x(t)) — r(t) > 0,Vt > 0. Therefore,
b(x(t)) > r(t) > 0,Vt > 0. n

Remark 3 (Adaptivity of RACBF): The control u of system
(1) depends on the control v of the auxiliary system (29) in
the RACBF constraint (34). Similar to the PACBF, the control
v is only constrained by the HOCBF constraint in (31) since
we require that r is an HOCBF. Therefore, we also relax the
constraints on the control input of system (1) in the RACBF by
allowing the relaxation r to be time varying. The satisfaction of
the original constraint b(x) > 0 is still guaranteed. This is how
an RACBF provides “adaptivity.” This adaptivity can guarantee
problem feasibility under time-varying control bounds and noisy
dynamics if some additional conditions are satisfied, as will be
discussed in the next section.

sup
uecU,vely

(Lo (@, R)+ Lo Ly vo(a, R) [

B. Optimal Control With RACBF

Consider an optimal control problem for system (1) with the
costdefined as (21), and the time-varying control bounds defined
as (22).

Assume a (safety) constraint b(x) > 0 with relative degree m
has to be satisfied by system (1). We use the RACBF method
to guarantee b(x) > 0 so that u should satisfy the RACBF
constraint (34). Moreover, each v is constrained by the HOCBF
constraint (31) corresponding to the constraint 7(¢) > 0 for the
auxiliary dynamics (29).

However, if R(t) = 0,Vt € [0,T], we have v = 0 following
from (29) and (31). Then, an RACBF loses its adaptivity as the
control w is not relaxed by v in the RACBF constraint (34). Sim-
ilar to the penalty function p; (t) of a PACBF, we also use a CLF
to stabilize r(t) to some desirable value r* > 0. Assuming the
auxiliary dynamics (14) are input—output linearized (otherwise,
we perform input—output linearization), we can use either the
tracking control from [24] or the CLF to stabilize r(¢), i.e., if
m = 1, we define a CLF V(r) := (r — r*)? as in Definition 5,
and if m > 2, we find a desired state feedback form r,,, for r,,
[note that 1 = 7 in (29)]

. _{—kl(r—r*), m =2

'm = 7]431(7”77"*)7](127"27. .. ,*km_l’r‘m_l, m > 2 (35)

where k1 > 0,..., k1 > 0.

Remark4: Thedesired value r* should be chosen such that the
problem itself is feasible when the RACBF constraint (34) first
becomes active. We may find some 7 > 0 such that the problem
is feasible under the worst case conditions (e.g., the maximum
approaching speed of a vehicle toward another vehicle) and
worst case noise (i.e., its bound). Then, any * > 7 would work
when the noise is within the bound. The exact choice of r*
depends on the particular application. For the ACC problem,
we should choose r* to be no less than the minimum braking
distance as in [8].

Then, we can define a CLF V(R) := (r,, — 7,,)? [the rela-
tive degree of V(R) is one] to stabilize r with c; = ¢ > 0 in
Definition 5, so that any control input v should satisfy

L V(R)+ Ly V(R)v +€eV(R) <6, (36)
where 0, is a relaxation variable that we want to minimize.

Therefore, we can reformulate the cost (21) to incorporate the
RACBEF as follows:

T
/ Clllu(®)|))+P2(t) + P2t BT)
)Jo

min
w(t

u(t),v(t),0.(t

subject to (1), (22), (29), (34), the HOCBF constraint in (31)
for » > 0, and the CLF constraint (36). In (37), P > 0. We
can, then, use the QP-based approach introduced at the end of
Section II to solve (37). We can also normalize each term in (37)
and form a convex combination as in (27).

Complexity: In (37), the time complexity is still polynomial
in the dimension d of the decision variables, where d = ¢ + 2.
Note that this is smaller than g + 2m — 1 in the PACBF method
(the relative degree m does not affect the complexity).

Remark 5 (Forward invariance of RACBF with noise): In
order to make sure that b(x) > 0 is guaranteed under noisy
dynamics, we can make > r, > Oinstead of > 0, i.e., define
r — 1o as an HOCBFE. The value of r, depends on the magnitude
of the noise level.

Comparison Between PACBF and RACBF: The PACBF
achieves adaptivity by using penalty functions in its definition,
and this can alleviate the conservativeness of the CBF method,
whereas the RACBF achieves adaptivity through a relaxation
variable. The definition of an RACBF is close to an HOCBF in
Definition 4 such that its conservativeness still exists, whereas
a PACBF is not conservative following Theorem 3. Therefore,
a PACBF has better adaptivity than an RACBF. However, as
already stated, RACBF has better time complexity than PACBFE.
The tradeoff between adaptivity and complexity depends on
the available computational resources—PACBF is preferable
if computational resources are available. We can also combine
these two alternative approaches by simultaneously adding a
relaxation variable as in (28) and multiplying (partially) penalty
functions as in (12).

V. ACC PROBLEM FORMULATION

In this section, we consider the ACC problem, which is
a more realistic version of the SACC problem introduced in
Section III-A.
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Vehicle Dynamics: Instead of the simple dynamics in (7), we
consider more accurate vehicle dynamics in the form

o) _ [ Fr(v(t) 7|y
[. } [ :|+U (t)

2(t) vp — v(t) 0
——
®(t) F(@(t)) g(z(1))

where M denotes the mass of the controlled vehicle and
F,.(v(t)) denotes the resistance force, which is expressed [24]
as: F.(v(t)) = fosgn(v(t)) + frv(t) + f2v2(t), where fo >
0,f1 > 0, and fo > 0 are scalars determined empirically. The
first term in F,.(v(t)) denotes the Coulomb friction force, the
second term denotes the viscous friction force, and the last term
denotes the aerodynamic drag.

Vehicle limitations consist of vehicle constraints on speed and
acceleration

(38)

Umin < U(t) < Umax VEE [07tf}

(39)
—ca(t)Mg < u(t) < co(t)Mg Vit € [0,ty]

where v, > 0 and vy, > 0 denote the maximum and mini-
mum allowed speeds, respectively, while c4(t) > 0 and ¢, (t) >
0 are deceleration and acceleration coefficients, respectively, and
g is the gravity constant.

Safety constraint consists of the safety requirement (9).

Objective 1 (Desired speed): The controlled vehicle should
achieve a desired speed vy > 0.

Objective 2 (Minimum acceleration): The controlled vehicle
should minimize

i | ()

Problem 1: Determine control laws to achieve Objectives 1
and 2 subject to the vehicle limitations (39) and safety constraint
(9) for the vehicle governed by dynamics (38).

To solve Problem 1, we will use an aCBF (PACBF or RACBF)
to implement constraint (9) and use HOCBFs to impose con-
straints (39) on the control input. We will also use a CLF as in
Definition 5 to achieve Objective 1. We seek to achieve Objective
2 through a minimization problem with the costin (40). We adopt
the QP-based method introduced in [8]. The relative degree of
(9) is 2, so we define an aCBF with m = 2 for it.

To achieve Objective 1, we use a CLF to stabilize v(t) tovg and
relax the corresponding constraint (6) to make it a soft one [14].
Consider a Lyapunov function Ve (2(t)) := (v(t) — va)?, with
c1 = co = 1 and ¢3 = € > 0 in Definition 5. Any control input
u(t) should satisfy for all ¢ € [0, ¢ /] (the explicit form is omitted
but can be found in [19])

Ly Vaee(@(t)) +€Vaee (®(t)) 4 Lg Vace (2 (1) )u(t) < Gace(t)-
(41)
Here, 0,.(t) is a relaxation variable that makes (41) a soft
constraint.

To impose the vehicle limitations, note that the relative de-
grees of the speed limit constraints are 1. Therefore, we use
HOCBFs with m = 1 to map these constraints from the speed
v(t) to the control input w(t). Let by(x(t)) := vmax — v(1),
ba(x(t)) := v(t) — Umin and choose a1 (b;) = b, € {1,2} in
Definition 4 for both HOCBFs. Then, any control u(¢) should

(40)

satisfy (the explicit form is omitted but can be found in [19])
Lybi(a(t)) + Lebr(@(t))u(t) + br(x(t)) > 0
Lbo(a(t)) + Lgbo(x(t))u(t) + ba(z(t)) > 0.

Since the control limitations are already constraints on the
control input, we obviously do not need HOCBFs for them.
Safety Constraint With PACBF: Since the HOCBF constraint
for (9) can easily conflict with the control limitations in (39),
we use an aCBF with m = 2, the relative degree of (9). Letting

b(x(t)) = 2z(t) — I, we define 11 (+), P2 ()
Gr((t), p(t) == b(@(1)) + pr ()b (2(1))

Pa(a(t), p(t)) == P (2(t), p(t)) +p2(t)w1(w(t)7p(t))(-43)
Note that in the above equations, we define a4 (+) as a quadratic
function. We define high-order class K functions (such as high-
order polynomials) in order to make the original constraint
b(x) > 0 not be violated by the noise, as shown in [19].

We then define the auxiliary dynamics (14) for p; (¢) and adopt
the form

[')1 (t) =1 (t)

There are no derivatives involved for ps (), so we justset po (£) >
0,Vt > 0 to be determined. Combining the dynamics (38) and
(44), with (43), any control input u(t) should satisfy the aCBF
constraint (17), which in this case is

B, -1

(44)

V) s Bew) w)
L3b(@(t))  LyLsb(t)) Laypa(@az(9) @3)

+2p1(8)b(x (1)) Lyb(x(t)) + pa(t)¥r(2(t), p(t)) = 0.

Since p;(t) has to be an HOCBF and its relative degree is 1
for (44), any control input vy (t) should satisfy the HOCBF
constraint (16), which in this case is (taking oy as a linear
function in Definition 4)

0 + 1 wvi(t)+pi(t) >0
Lp, pi(t) Lg,pi(t)

(40)

with p;1(0) > 0. Finally, we wish to stabilize p; (¢) to a desired
p; > 0 (usually a small number), and define a CLF V (py (t)) :=
(p1(t) — p;)? with¢; = c3 = 1 and c3 = € > 0 in Definition 5.
Any control input should satisfy

\O/ +2(p1(t) — p1) vi(t) + eVi(pa(t)) < 01(t)

CY))
Lprl(pl(t)) LG1V1(P1(t))

Note that we also wish to minimize (p2 () — p3)?, where p3 > 0.
Safety Constraint With RACBF: We can also use an RACBF
with m = 2 to implement the safety constraint (9). Letting

b(x(t)) = 2(t) — I, and oo(x(t), R(t)) = 2(t) — I, — r(t),

we define ¥y (-), ¥2(-)
Ui (a(t), R(t)) = do(@(t), R(t)) + k1 (x(t), R(t)) 48)
Yo (a(t), R(t)) := tn (2(1), R(t)) + kot (w(t), R(1))
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where k1 > 0, ko > 0 are two constants instead of the penalty
functions in (43). We then define the auxiliary dynamics (29) for
r(t) and adopt the form 7(t) = ro(t), 72(t) = v(t). We augment
the dynamics (38) in the form

vgtg —ﬁF,A(qz(;‘)) % 8

z(t vp — v(T u

A1) m) | T oo M - @
72(t) 0 01

——

((t),R(t)) F(x(t),R(t)) G(z(t),R(t))

Combining dynamics (49) with (48), any control input
(u(t),v(t)) should satisfy the RACBF constraint (34), which
in this case is

Fr(v(t) —1 u

— T [ﬁv_l] | T ket (2, R)

——— —

L%4po(z,R) LgLrpio(x,R)

—|—2k‘1w0($, R)pro(iv, R) > 0.

(50)

Following Remark 5, let b,.(R(t)) = r(t) — r,, where r, >
0. b-(R(t)) has to be an HOCBF whose relative degree is 2
for the auxiliary dynamics. Taking a1, ao as linear functions in
Definition 4, any control input v(¢) should satisfy the HOCBF
constraint (31), which in this case is

\O/ + \1/ v(t)+ 2L b (R(t)) + by (R(t)) >0
L3, br(R(t))  Lgg Lsobr(R(2))

(5D
with (0) > 0. Finally, we also wish to stabilize r(t) to a desired
r* > 0,and definea CLF V (R(t)) := (r2(t) + ki (r(t) — r*))?
with k1 > 0, ¢y = ¢ = 1 and ¢3 = € > 0 in Definition 5. Any
control input should satisfy

2ra(t) + ki (r() — ") (W(t) + kira(t)) + €V(R(D)) < 5, (2).
(52)

ACC Problem Reformulation: As explained at the end of Sec-
tion IT, we partition the time interval [0, T'] into a set of equal time
intervals {[0, At), [At, 2A¢), ... }, where At > 0. Ineach inter-
val [kAt, (k + 1)At) (k =0,1,2,...), we assume the control
is constant (i.e., the overall control will be piecewise constant),
and reformulate Problem 1 as a sequence of QPs. Specifically,
with the PACBF method, att = kAt (k =0,1,2,...), we solve

u*(t) = arg min %u(t)THu(t) + FTu(t)

u(t)

(33)

u(t) 2EL0)
6&C0(t) 0
’U,(t): Vl(t) = Wi
01(t) 0

pa(t) —2Qp3
= 0 00 0
0 2Pacc0 0 0
H={0 0 00 0
0 0 02P 0
0 0 00 2Q

where pe. > 0, W7 > 0, P > 0,Q > 0. We also assume F'is a
constant vector in each interval. The cost (53) is subject to (38),
(41), (42), (44)—(47), and the control bounds in (39). The explicit
form is omitted for simplicity, but can be found in [28]. After
solving each QP, we update (38) with u*(¢), update (44) with
v; (t), and update po(t) with p5(t), Vt € (kAt, (k + 1)At).

For the RACBF method, at t = kAt (k=0,1,2,...), we
solve

1
u*(t) = arg m(u)1 §u(t)THu(t) + FTu(t) (54)
u(t
u(t) “2Fi(u0)
_ | Oace(®) | f 0
u(t)= o(t) ,F= 0
or(t) 0
¥ e 00
_ Pacc
= 0 0 2P 0
0 0 0 2P

where P, > 0, subject to (49), (41), (42), (50)—(52) and the
control bounds in (39). After solving each QP, we update (49)
with u*(t), v*(t), Vt € (kAL (k + 1)At).

VI. IMPLEMENTATION AND RESULTS

In this section, we show how our proposed aCBFs can address
the conservativeness of standard CBFs [2], [25] and consider
time-varying bounds. We consider the ACC problem (Problem
1) under noisy dynamics and time-varying control bounds (due
to tire slipping, different road surfaces, etc.), and implement
the aCBF approaches for solving Problem 1 in MATLAB to
illustrate the adaptive properties described in Sections III and
IV. We used quadprog to solve the QPs and ode45 to integrate
the dynamics. All the computation was performed on a Intel(R)
Core(TM) i7-8700 CPU @ 3.2 GHzx 2.

The parameters are v(0) =20m/s, z(0) =100 m, v, =
13.89 m/s,vg = 24 m/s, M = 1650kg, g = 9.81 m/s?, f, =
0.1N, fi =5N-s/m,fo = 0.25N-s/m?, [, = 10 m, Vmax =
30 m/s, Umin = 0m/s,At =0.1s, € =10, ¢,(t) = 0.4. If we
apply the HOCBF approach to implement the safety constraint
(9) with fixed p1(t) = 0.1, p2(t) = 1, and cq(t) = 0.4, the QPs
will be infeasible after the corresponding HOCBF constraint
becomes active. Therefore, we need an aCBF to implement this
safety constraint, as shown next.

A. Implementation With PACBFs

As motivated in (27), we first normalize each term in the
cost (53) by dividing its maximum value: wujjy, = (‘:“1]\27[;’)2 =
(cag)Q’ 1/171’1’13-)( = 6%,max = 6icc,max = p%,max = Ulim, TESpEC-
tively, where 0acc,max denotes the maximum value of dyec, and
set Pace = o =e 2, W, =212, P, =Q =0.5.

1) Adaptivity to the Changing Control Bound —c;(t)Mg:
We first study what happens when we change the lower control

bound —c4(t) M g. In each simulated trajectory, we set the lower
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AdaCBF . A oege
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2 I . .
Safety constraint becomes active (eventually)

- 1 /
FT:
= -
= IR N
S
= 4t HOCBEF constraint becomes active
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-2 s
%
3 Cg > . .
3 ‘%}31)/ | time-varying —c4(t)g
4+ _
QP infeasible (at the following step) for HOCBF

0 10 20 30 40 50 60 70 80 90

b(z(t))

Fig. 1. Control input u(t) variation as b(x(t)) — 0 for HOCBF and
PACBEF for linearly decreasing c4(¢) (0.37 — 0.2) after the PACBF (or
HOCBF) constraint (45) becomes active. The arrow denotes the chang-
ing trend for b(x(t)) that captures the safety constraint (9) (distance
between vehicles) with respect to time.

control bound coefficient ¢4(t) to a different constant or to be
time-varying (e.g., linearly decreasing c4(t)). In this case, we
setT =30s,p1(0) = pi =0.1, p5 = 1. We first present a case
study of linearly decreasing c4(t) representing, for example, tires
slipping, as shown in Fig. I. When we decrease c4(¢) (weaken the
braking capability of the vehicle) after the HOCBF constraint
becomes active, the QPs can easily become infeasible in the
HOCBF method, as the red curve shows in Fig. 1: Reading
the red curve from right to left as the value of b(x) becomes
small as time goes by, the speed is initially stabilized to v until
the HOCBF constraint becomes active. It is important to note
that at some point a QP becomes infeasible. However, using
the PACBF method, the QPs are always feasible (blue curve
in Fig. 1), demonstrating the adaptivity of the PACBF to the
time-varying control bound (wheels slipping).

The computational time of the QP at each time step for both the
HOCBF and PACBF methods is less than 0.01 s. Note that there
is a control overshot when b() is small; this can be alleviated
by increasing the weight on the control u(t) or by decreasing
the weights P, (Q after the control constraint becomes inactive,
as seen by the blue curve in Fig. 2.

The simulated trajectories for different (constant) c4(t) values
(e.g., asthe vehicle encounters different road surfaces) are shown
in Figs. 2 and 3. As shown in Fig. 2, when ¢,4(t) = 0.4, the QPs
exhibit good feasibility. This induces only a small change in the
penalty variable p; (¢) and no change in ps (¢), as shown in Fig. 3.
As we decrease ¢,4(t) (i.e., limit the braking capability of the
vehicle), the variation in the penalty p; (¢) becomes large after
the PACBF constraint (45) becomes active. When ¢4(t) = 0.23,
the vehicle needs to brake with u(t) = —cq(¢t)Mg almost all
the way to the safety constraint (9) becoming active, as the
green curves show in Figs. 2 and 3. On the other hand, the
penalty functions ps(t), p2(t) both change to a large value,
as shown in Fig. 3. If we further decrease c4(t), the safety

5 T T T T T T
ab Cog road 1, ¢i(t) = 0.4
road 2, ¢;(t) = 0.35 !
3t 000; road 3, e4(t) = 0.3
0.06 road 4, ¢4(t) = (].26}
2t 0.04 road 5, ¢4 f) =0.23 1
- 1F 0.02 slipping, cq(t) d(‘crq/a%("%
= & 0 1 2 ‘
~—~ 0 F -
-~
=
2 1l‘ Different and time-varying —cgy (t) g
KN
-3
4
-5 1 1 1 1 1 . 1 .
0 10 20 30 40 50 60 70 80 90
b(z(t))
Fig. 2. Control input u(t) variations as b(x(t)) — 0 under different and

time-varying control lower bounds. The arrow denotes the changing
trend for b(x(t)) with respect to time. b(x) > 0 implies the forward
invariance of Cy := {x : b(x) > 0}.

5 T T T
s ||
ﬂ:‘
X ok o= _———-
-~
T
-5 I L L n 1
0 5 10 15 20 25 30
t/s
1 T T T
road 1, 0,1( t) = 0.4
0.8 road 2, ¢z(t) = 0.35
O road 3, ¢a(t) = 0.3
=" road 4, ¢4(t) = 0.26
504_ road 5, ¢y(t) = 0.23
) slipping, c4(t) decreases
0.2
0 - 1, k. vl .
0 5 10 15 20 25 30
t/s
, , — U
o
=27
ISH
0 - , n . .
0 5 10 15 20 25 30
t/s
Fig. 3. Penalty functions p1(¢),p2(t), and control input w(t) profiles

under different and time-varying control lower bounds. The change in the
values of the penalty functions pi (t), p2(t) demonstrates the adaptivity
of the PACBF to changes in the control bound (or tight control bound).

constraint (9) will be violated. The change in the values of the
penalty functions p; (t), p2(t) demonstrates the adaptivity of the
PACBF to changes in the control bound. The penalty method [19]
has shown that smaller penalties are needed to improve QP
feasibility before the HOCBF constraint becomes active, but the
PACBF shows that we may actually want to increase the value
of the penalties after the PACBF constraint becomes active, as
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Fig. 4. Penalty functions pi(t),p2(t) and control input w(t) profiles

under different noise levels. The change in the values of the penalty
functions p1(t), p2(¢t) demonstrates the adaptivity of the PACBF to the
control bound and noise.

10 . ;
——— AdaCBF Noise x1
= ——— AdaCBF Noise x2
5 °T HOCBF Noise x2
= QP infeasible at ¢t = 6.9s
Op========-=oq----c-C---- === === - =T
0 5 10 15 20 25 30
t/s
— 10 : :
l:/ ——— AdaCBF Noise x1
= ———— AdaCBF Noise x2
<57 —HOCBF Noise x2
X2
) e - :
0 5 10 15 20 25 30
t/s
Fig. 5. Profiles of b(x),1(x,p1) under different noise levels for

PACBF and HOCBF, b(x) > 0,41 (x,p1) > 0 imply the forward invari-
ance of Cy and Cs.

the last plot in Fig. 3 demonstrates (a similar phenomenon is
observed in a different example in [28]).

2) Adaptivity to Noisy Dynamics: Suppose we add two
noise terms wy (), wo(t) to the speed and acceleration in (38),
respectively, where w1 (t), wa(t) denote two random processes
defined in an appropriate probability space. In the simulated
system, wq (t), wz(t) randomly take values in [—2 m/s, 2 m/s]
and [—0.45 m/s?, 0.45 m/s®] with equal probability at time ¢,
respectively. We fix the value of cq(t) to 0.23 in (39) and
set T'=30s, p1(0) = p; = 0.1,p5 = 1. The simulation results
under different noise levels are shown in Figs. 4 and 5, the
noise is based on [—2 m/s,2 m/s] and [—0.45 m/s?, 0.45 m/s?]
for wy (t), wa(t), respectively.

When the control constraint is active, i.e., u(t) = —cq(t) Mg,
it can easily conflict with the HOCBF constraint (if we apply

the HOCBF method) that is subjected to noise, which may
make the safety constraint (9) violated as the blue line shows in
Fig. 5. However, the PACBF constraint is relaxed by the penalty
functions p; (t) [through v ()] and p (t); hence, it is adaptive to
different noise levels and can enable the feasibility of the QPs,
as seen in Fig. 4.

The forward invariance of C; := {x : b(z) > 0} and Cy =
{(z,p1) : ¥1(x,p1) > 0} is illustrated in Fig. 5. Note that
11 (2, p1) might be temporarily negative due to noise during
simulation, but will be positive again soon after. This is due to
the definition of 1), := 772.11 + pa(t)11 in (43 ), in which aa(+)
is defined as an extended class /C function (linear function), as
s_hown in [25]. When 1 <0, the PACBF constraint ensures
Y1 + Do (t)’d}l > 0, thus, 1 > —ps (t)’(/Jl > 0 since po (t) > 0.
Therefore, 1)1 will be increasing and eventually becomes posi-
tive. In this article, we have considered high-order polynomial
class K functions to make v; stay away from zero [19] such that
b(x) > 0 is guaranteed in the presence of noise. The forward
invariance guarantee can also be achieved by considering the
noise bounds in the PACBF constraint. Note that we can also
define as(+) as a quadratic function in the definition of the
PACBF in (43) to make ¢ (¢, p1 ) also stay away from O in Fig. 5,
and define a(+) as a high-order polynomial function to make
the PACBF b(x) stay further away to 0, so that it can be adaptive
(in the sense of both QP feasibility and forward invariance) to
higher noise levels.

3) Leveraging the Cost and the Stabilization: As shown
in Fig. 2, we have to tune the weights P, () to avoid the control
overshooting when b(x) is small, i.e., the constraint close to
being violated. This is due to the huge relative value between ¢
and Py, and the cost (21) is not actually minimized in a proper
way. Here, we provide a simple approach to leverage the cost
and the stabilization. We put a small weight on the relaxation §;
in the CLF constraint (25), i.e., we replace (25) by

Lg,Vi(m;) + La, Vi(mi)v; + €Vi(m;) < nd; (55)

where 77 > 0 is a small number. Thus, we are limiting the
relaxation of stabilizing p; to p; in (55) through 7.

Then, we use the CLF form in (55) to leverage the cost and
the stabilization. We normalize each term in the cost (53) as
above, and set poec = co = P = e °, W7 =2e°,Q =1, and
n = e~ with the CLF constraint (55). The simulation results
are shown in Fig. 6. With the CLF constraint (55), we can
significantly decrease the relative values of P;, () with respect
to other weights while avoiding control overshooting.

B. Implementation With RACBFs

In this section, we study the adaptivity of RACBFs. We
first normalize each term in the cost (54) by dividing its
maximum value: Ulim = V3. = 07 nax = Oace.max = (Ca9)?s
respectively, where v, denotes the maximum value of v, and
set co = pacc = € 4, P. =0.5,7, = 1 m,r(0) = (3,0).

We also change the lower control bound —¢,(¢) M g in this sec-
tion. In each simulated trajectory, we set the lower control bound
coefficient c4(t) to a different constant or to be time-varying

(e.g., linearly decreasing c4(t)). In this case, we set 7' = 30's,
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Fig. 6. Control input w(t) variation as b(x(t)) — 0 for PACBF with or
without leveraging for linearly decreasing c4(t) (0.37 — 0.2) after the
PACBF constraint (45) becomes active.
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Fig. 7. Control input wu(t) variation as b(x(t)) — 0 for HOCBF and

RACBF for linearly decreasing c4(t) (0.37 — 0.2) after the RACBF (or
HOCBF) constraint (45) becomes active.

p1 = 0.1, po = 1. We first present a case study of linearly
decreasing ¢,(t) representing, for example, tires slipping, as
shown in Fig. 7. When we decrease ¢,(t) (weaken the braking
capability of the vehicle) after the HOCBF constraint becomes
active, the QPs can easily become infeasible in the HOCBF
method, as the brown curve shows in Fig. 7. It is important
to note that at some point a QP becomes infeasible. However,
using the RACBF method, the QPs are always feasible (blue
curve in Fig. 7), demonstrating the adaptivity of the RACBF to
the time-varying control bound (wheels slipping).

The computational time at each time step for the RACBF
method is less than 0.01 s in MATLAB (Intel(R) Core(TM)
17-8700 CPU @ 3.2 GHzx2). The simulated trajectories for
different (constant) c4(t) values (e.g., as the vehicle encounters
different road surfaces) are shown in Figs. 8 and 9. Similar to
the PACBF, the RACBF can also be adaptive to the time-varying

Cad

road 1, ¢i(t) = U 3
3r road 2, ¢;(t) =

road 3, ¢i(t) = () Z()
road 4, ¢g(t) = 0.23
slipping, ¢,4(t) decreases

—
r:'
= of <
s
=
S
ol Different and time-varying —c,(t)g |
-3
4t
0 10 20 30 40 50 60 70 80 90
b(z(t))
Fig. 8. Control input u(t) variations as b(x(t)) — 0 under different and

time-varying control lower bounds for RACBFs.

u(t)/M
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road 1, ¢; = 0.35

g 4 road 2, ¢g = 0.3
o road 3, ¢; = 0.26
2k ol road 4, ¢g = 0.23
slipping, ca(t) d(*(‘r("v%(‘q
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2 — s
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Fig. 9. Relaxation r(t), r2(¢) and control input w(¢) profiles under dif-
ferent and time-varying control lower bounds. The change in the values
of the relaxation r(t), r2(t) demonstrates the adaptivity of the RACBF to
changes in the control bound (or tight control bound).

control bounds. The adaptivity of RACBF to noise is shown in
the next section.

C. Comparison Between PACBF and RACBF

In this section, we compare the PACBF and RACBF methods.
We first normalize the two costs (53) and (54) as in the previous
two sections, and set ¢y = Pace = 0.005, P. = 0.495,7, = 1 m
for (54) and set poec = co =€ 2, W1 =22 PL=Q =05
for (53). The lower control bound coefficient is c4(¢) = 0.23.
p; = 0.1, p5 =1 for the PACBF, and k; = 0.1, k2 = 1 for the
RACBF. In the simulated system, w (t), wo(t) randomly take
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Fig. 10.  Adaptivity comparison between the PACBF and RACBF meth-
ods.
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Fig. 11.  Profiles of b(x), 1 (x, p1) under noise for PACBF, RACBF,
and HOCBF, b(x) > 0 implies the forward invariance of Cy = {x:
b(x) > 0}.

values in [—4 m/s, 4 m/s] and [—0.9 m/s?, 0.9 m/s?] with equal
probability at time ¢, respectively. The simulation results are
shown in Figs. 10 and 11.

It follows from Fig. 10 that the RACBF method is still
conservative such that it cannot utilize the space marked in
the figure to obtain the adaptivity. This is due to the fact that
the RACBF method obtains adaptivity by the relaxation r(t),
and this will make the RACBF constraint become active earlier
than the PACBF method, as shown in Fig. 10. The PACBF is
not conservative and, thus, is more adaptive than the RACBF.
However, the complexity of a PACBF increases faster than the
one of an RACBF as the relative degree m of the constraint
becomes larger. It follows from Fig. 11 that the satisfaction of
b(x) > 0 under noise is guaranteed with both the PACBF and
RACBF methods. The QPs are always feasible.

VIlI. CONCLUSION

We introduced aCBFs (AdaCBFs) that can accommodate
time-varying control bounds and noisy dynamics while also
addressing the QP feasibility problem, which arises when using

standard CBFs. The proposed AdaCBFs can also alleviate the
conservativeness of the CBF method such that the satisfaction
of the AdaCBF constraint is a necessary and sufficient condition
for the satisfaction of the original constraint, and, therefore, im-
prove system performance. We have also shown that AdaCBFs
inherit the forward invariance properties of standard CBFs. The
advantages of AdaCBFs over the existing CBF techniques are
demonstrated by applying them to an ACC problem. In the
future, we will apply the AdaCBF method to more complex
problems and systems.
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