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Abstract— In this paper, the question of bi-similarity be-
tween hybrid systems and their discrete quotients is studied
from a new point of view. We consider two classes of hybrid
systems: piecewise affine hybrid systems on simplices and
piecewise multi-affine systems on multi-dimensional rectan-
gles. Given a fixed partition of the state space, we derive
sufficient conditions on the values of the vector fields at
the vertices of the polytopes, in order that the constructed
hybrid system is bi-similar with its corresponding discrete
quotient transition system. The results are based on the fact
that affine vector fields on simplices and multi-affine vector
fields on rectangles are uniquely determined by their values
at the vertices. In this way, an interesting class of decidable
hybrid systems is determined. The result is applied to a motion
planning problem for planar robots.

I. INTRODUCTION

Systems that consist of a combination of continuous

dynamics and discrete events are called hybrid systems [1],

[2], [3], [4]. Continuous processes controlled by digital

controllers are examples of such systems. In addition to

discontinuities introduced by the computer, most physical

processes exhibit discrete dynamics due to the action of

elements ranging from valves, gears and switches in electro-

mechanical systems to transcriptional regulators in genetic

and metabolic networks. Hybrid systems are used as main

modeling framework in a large number of areas such as

automated highway systems, air-traffic management sys-

tems, embedded automotive and avionic controllers, manu-

facturing systems, robotics, genetic and metabolic networks,

real-time communication networks, and real-time circuits.

Formal verification is a very important issue during system

design. The goal of formal verification is to prove that the

system performs as expected. As the automated systems are

growing in scale and complexity, the possibility of subtle

errors becomes much larger. As a result, it is crucial to

ensure that the system is always safe.

Formal analysis is concerned with reachability analysis,

which is the problem of determining the set of states reached

by a system starting from a given initial set, and safety
verification, which is the problem of formally proving that a

system does not have any trajectories connecting two given

sets of states. A class of problems like the ones defined

above is called decidable, if there exists a computational

procedure that can decide, in a finite number of steps,

whether any system in the class verifies any property in

the class. For purely discrete systems described by finite

state machines, decidability is an easy task, since it can
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be performed by exhaustively searching the state set. For

hybrid and continuous systems, decidability is an important

issue because the number of states in a continuous state set

is uncountable.

In this paper, we consider a particular case of hybrid

systems, that consist of specific dynamics (vector fields),

defined in non-overlapping regions of the state space, called

invariants. The decidability of such hybrid systems with

given vector fields and given invariants is an important

but difficult problem, that is not solved in this paper.

Instead, we prove the decidability of a certain class of

hybrid systems with prescribed invariants, but with arbitrary

vector fields, restricted to a certain class. In other words,

given the invariants, we want to construct vector fields

so that the resulting hybrid system is decidable. This re-

verse engineering procedure is suggested by robotic motion

planning problems, where a partition of the task space is

naturally induced by the position and size of obstacles,

and initial and goal regions, and vector fields have to be

assigned to each of the regions so that the robots move from

the initial to the final region while avoiding the obstacles

and observing velocity bounds. The decidability of the

corresponding hybrid systems reduces the motion planning

problem to a search on a finite graph.

We focus on two classes of hybrid systems: triangular

affine systems, i.e., hybrid systems with triangular invariants

and affine dynamics, and rectangular multi-affine systems,

which are hybrid systems with rectangular invariants and

multi-affine dynamics. There are several reasons for our

choice of these classes of systems. First, given a polyhedral

state set, triangulation and rectangular partition are the

most attractive procedures for partitioning [5]. Second,

affine vector fields are largely encountered in practice, as

linearization of nonlinear systems around operating points

(not necessarily equilibria). Third, nonlinear multi-affine

dynamics are used for modeling in several application

areas, ranging from biochemical networks [6], control of

spacecraft and underwater vehicles [7], to competition and

selection processes in economy and chemical networks.

Moreover, affine systems on simplices and multi-affine

systems on (multi-dimensional) rectangles, have some very

interesting properties [8], [6] that can be used in the study

of decidability problems for hybrid systems with these types

of dynamics and invariants.

In this paper, we show that, if the triangular or rect-

angular invariants are given, the existence of affine or

multi-affine dynamics rendering the corresponding hybrid

systems decidable can be guaranteed by the nonemptiness

of several polyhedral sets. We also provide formulas for the

construction of the vector fields. These results are based on
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the fact that affine vector fields on simplices and multi-affine

vector fields on multi-dimensional rectangles are uniquely

determined by their values at the vertices. The values at all

other points are convex combinations of the values at the

vertices.

The paper is organized as follows. In Section II, we

give definitions of hybrid systems, discrete quotients, and

introduce the idea of simulation and bi-simulation. The

problem is formulated in Section III. Affine hybrid systems

with triangular invariants are treated in Section IV and

multi-affine systems with rectangular invariants in Section

V. An example of motion generation for a group of robots

using decidable triangular affine systems is given in Section

VI. The paper ends with conclusions and final remarks in

Section VII.

II. BI-SIMILAR DISCRETE ABSTRACTIONS FOR HYBRID

SYSTEMS

Formally, a hybrid system [9], [10] is defined as a tuple

HS = (X , L,X0, I, f, T ), (1)

where X ⊆ IRN
, N ∈ IN is the continuous state space, L

is a finite set of locations (also called modes), X = L×X
is the overall state space of the system, (l, x) ∈ L × X
denotes its state, X0 ⊆ X is the set of initial states, I is the

invariant, which assigns to each location l ∈ L an invariant

set I(l) ⊆ X , f : L → (X → TX ) is a mapping that

specifies the continuous flow (vector field) in each location,

and T ⊂ L×X×L is a set of discrete transitions. Motivated

by robotic motion planing problems, we consider a special

case of (1), where the invariants I(l) are non-overlapping

polyhedral regions in IRN
. In particular we assume that if

the intersection I(li) ∩ I(lj) of two polyhedral regions is

nonempty, then it is a common face of I(li) and I(lj). In

this case, a transition T from li to lj occurs when a state

x flows through the boundary between I(li) and I(lj).
The main idea in formal analysis is to be able to map the

trajectories of a hybrid system to trajectories of a discrete

system, i.e., to transform a problem with an uncountable

number of states to a decidable problem with finitely many

states, that is equivalent to the first as far as reachability

properties are concerned. This procedure is called abstrac-
tion.

The discrete quotient transition system DS for the hybrid

system HS defined in (1) is a tuple

DS = (L,L0, t), (2)

where L is the set of locations from the definition of HS,

L0 is the set of discrete initial states corresponding to X0,

and t ⊆ L × L is the set of transitions defined as follows:

there exists a transition t = (l, l′) if and only if there exists

x ∈ X so that (l, x, l′) is a transition T of HS.

From this definition of DS, it is obvious to see that the

discrete quotient system DS can reach everything that the

initial hybrid system can reach, and can therefore be used

for conservative reachability analysis, i.e., to construct over-

approximations of the reachable sets of HS. We say that

DS simulates HS. However, the converse is in general not

true. Indeed, it is easy to imagine that there are situations

in which DS has trajectories that do not correspond to

trajectories of HS. This can happen when different initial

states in an arbitrary location I(l) have different properties

with respect to the reachability of the neighboring regions

of I(l). One such situation corresponds to the case when

some initial states in I(l) stay inside I(l), while others leave

I(l), which makes HS and DS not equivalent with respect

to reachability of neighbors. Another situation corresponds

to the case when different initial states transit to different

neighbors of I(l). Even though HS and DS are equivalent

with respect to reachability of neighbors of I(l) (provided

that no states stay inside I(l) forever), the conservativeness

appears while constructing the discrete quotient over several

invariants. An illustration of this idea is given in Figure 1

(a), where the discrete trajectory l1 → l2 → l3, which exists

because of the definition of the discrete quotient, does not

imply that there is a trajectory of HS passing through I(l1),
I(l2), and I(l3). The degree of conservativeness increases

with the dimension of the problem. This situation can be

eliminated through refined partitioning, as shown in Figure

1 (b). If such an iterative refinement procedure terminates,

i.e., produces a discrete quotient with at most one transition

from each discrete state, with the guarantee that all initial

states in the corresponding invariant flow in finite time to

the corresponding neighbor, HS and DS are called bi-
similar, i.e., they are equivalent with respect to reachability

properties. The bi-simulation relation was first introduced

in [11], [12], formally defined for linear control systems in

[13], and for nonlinear systems in an abstract categorical

context in [14].

In [15], it has been shown that reachability is undecid-

able for a very simple class of hybrid systems. Several

decidable classes have been identified though by restricting

the continuous behavior of the hybrid system, as in the

case of timed automata [16], multirate automata [17], [18],

and rectangular automata [15], [19], or by restricting the

discrete behavior, as in order-minimal hybrid systems [20],

[21], [22]. All these decidable classes are too weak to

represent continuous and hybrid system models that arise

in practice. Then one might be satisfied with sufficient

abstractions, as the discrete quotient system defined by (2).

But even finding the discrete quotient is not at all trivial.

Related work focuses on partitioning using linear functions

of the continuous variables, as in the method of predicate

abstractions [23], [24], or using polynomial functions as in

[24], [25]. However, to derive the transitions of the discrete

quotient, one has to be able to either integrate the vector

fields of the initial system [23], or use computationally

expensive decision procedures such as quantifier elimination

for real closed fields and theorem proving [24], which

seriously limits the dimension of the problems that can be

solved in one of these ways.
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Fig. 1. The bi-simulation algorithm is an iterative refinement of partition, which terminates if, in the discrete quotient, there is at most one transition
from each state: (a) DS simulates HS but HS does not simulate DS and (b) DS and HS are bi-similar.

III. PROBLEM FORMULATION

As stated in the Introduction, we will not address the

decidability of hybrid systems with given vector fields and

invariants in general, but rather characterize a class of de-

cidable hybrid systems with given triangular or rectangular

invariants and arbitrary affine or multi-affine vector fields.

In other words, for these two classes of systems, given the

invariants I(l), l ∈ L, we want to construct vector fields

fl so that the resulting hybrid system HS (1) is bi-similar

with its discrete quotient DS (2). Moreover, motivated by

robotic motion planning problems, we impose polyhedral

bounds for the vector fields:

Problem 1: Consider a polyhedral region X of IRN
with

a given triangulation or rectangular partition I(l), l ∈ L.

Let U be a polyhedral subset of IRN
. Characterize a class

of hybrid systems HS with affine or multi-affine dynamics

fl : I(l) −→ U , that are guaranteed to be decidable without

further refinement of the fixed partition I(l), l ∈ L.

IV. TRIANGULAR AFFINE HYBRID SYSTEMS

Let N ∈ IN and consider N + 1 affinely independent

points v1, . . . , vN+1 in the Euclidean space IRN
, i.e., there

exists no hyperplane of IRN
containing v1, . . . , vN+1. Then

the simplex SN with vertices v1, . . . , vN+1 is defined as the

convex hull of v1, . . . , vN+1:

SN = {x ∈ IRN |x =
N+1∑
i=1

λivi,

N+1∑
i=1

λi = 1, λi ≥ 0}
(3)

For i ∈ {1, . . . , N + 1}, the convex hull of

{v1, . . . , vN+1}\{vi} is a facet of SN and is denoted by Fi.

Let ni denote the corresponding unit outer normal vector.

For m ∈ IN, let f : IRN → IRm
be an arbitrary affine

function

f(x) = Ax + b, (4)

with A ∈ IRm×N
and b ∈ IRm

. Then we have:

Lemma 2: ([8, p. 26]) The affine function (4) is uniquely

determined by its values f(vi) = gi, i = 1, . . . , N + 1 at

the vertices of SN . Moreover, the restriction of f to SN

is a convex combination of its values at the vertices and is

given by:

f(x) = GV −1

[
x
1

]
, x ∈ SN (5)

where

G = [ g1 . . . gN+1 ] (6)

and

V =
[

v1 . . . vN+1

1 . . . 1

]
(7)

are m × (N + 1) and (N + 1) × (N + 1) real matrices.

Remark 3: The restriction of an affine function f to a

facet Fi of SN (i.e. Fi itself is a simplex in IRN−1
) is

affine and for any x ∈ Fi, f(x) is a convex combination of

the values of f at the vertices of Fi.

Remark 4: Affine functions (4) defined on general full

dimensional polytopes PN are still convex combinations of

their values at the vertices. However, the convex combina-

tions are not unique and expression (5) for the construction

of the affine function cannot be used, unless the polytope is

triangulated, and (5) can be used in each simplex (see [8]).

In the rest of this section, we will restrict our attention

to affine functions (4) with m = N defined on a simplex

SN and with values in a polyhedral subset U of IRN
, i.e.,

to affine vector fields with polyhedral bounds:

ẋ = f(x), f : SN → U ⊆ IRN
(8)

Proposition 5: For any i = 1, . . . , N +1, and any initial

state in SN , there is no trajectory of (8) leaving SN through

Fi if and only if nT
i f(vj) ≤ 0, for all j = 1, . . . , N + 1,

j �= i.
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Proof: For sufficiency, nT
i f(vj) ≤ 0, for all j =

1, . . . , N +1, j �= i implies nT
i f(x) ≤ 0, for all x ∈ Fi, and

therefore the system cannot cross facet Fi. The necessity is

easily proved by contradiction. Suppose that there exists a

vertex vk, k = 1, . . . , N + 1, k �= i so that nT
i f(vk) > 0,

then, by continuity of f , there exists a whole neighborhood

around vk where nT
i f(vk) > 0. So there are initial states

in this neighborhood such that the corresponding state

trajectories leave SN through Fi.

Proposition 5 can be used to provide a characterization of

the requirement that an affine system can either stay inside

a simplex forever, or drive all initial states in a simplex

through a desired facet (i.e., to a neighbor) in finite time.

If one of these conditions is satisfied in all invariants of a

triangular affine hybrid system HS , this hybrid system is

bi-similar with its discrete quotient transition system DS,

and therefore it is guaranteed that HS is decidable.

Specifically, the affine system (8), (4) starting in

SN will never leave SN if and only if there exist

f(v1), . . . , f(vN+1) ∈ U so that for all i = 1, . . . , N+1 we

have nT
i f(vj) ≤ 0, for all j = 1, . . . , N + 1, j �= i. These

conditions can be equivalently formulated as feasibility

checks at the vertices:

Proposition 6: There exists an affine vector field on

SN whose trajectories never leave SN if and only if the

following N + 1 polyhedral sets are nonempty:

Uj = U
⋂

{g ∈ IRN |nT
i g ≤ 0, i = 1, . . . , N + 1, i �= j}

(9)

j = 1, . . . , N + 1.

Also, it can be shown [8] that the affine vector field (8),

(4) drives all initial states in the simplex SN through a

facet Fi, i = 1, . . . , N + 1 in finite time if there exist

g1, . . . , gN+1 ∈ U so that (1) nT
i gj > 0 for j = 1, . . . , N +

1, and (2) nT
k gj ≤ 0 for all k, j = 1, . . . , N +1 with k �= i,

and j �= k. As before, these conditions can be equivalently

formulated at the vertices as follows:

Proposition 7: There exists an affine vector field (8)

driving all initial states in the simplex SN through the facet

Fi in finite time if the following sets are nonempty:

Ui = U
⋂

{g ∈ IRN |nT
j g ≤ 0, (10)

j = 1, . . . , N + 1, j �= i and nT
i g > 0}, (11)

Uj = U
⋂

{g ∈ IRN |nT
i g > 0 and (12)

nT
k g ≤ 0 for all k = 1, . . . , N + 1, k �= j, k �= i} (13)

for all j = 1, . . . , N + 1, j �= i.
If the sets from Propositions 6 or 7 are all nonempty,

then any choice of gi ∈ Ui, i = 1, . . . , N + 1 will give a

valid affine vector field by formula (5). Indeed, for every

x ∈ SN , we know that f(x) is a convex combination

of g1, . . . , gN+1 ∈ U . Hence, f(x) is contained in the

convex hull of g1, . . . , gN+1, which is the smallest convex

set containing g1, . . . , gN+1, and therefore included in U .

So the vector field is bounded everywhere in the simplex

as required.

Propositions 6 and 7 provide a solution to Problem 1 for

the case of triangular affine systems.

Theorem 8: Let I(l), l ∈ L be a given set of triangular

invariants belonging to a hybrid system HS. Let U ⊂ IRN

be a polyhedral set. If for every l ∈ L there exists a

vector field fl : I(l) −→ U satisfying either Proposition

6 or Proposition 7 with arbitrary exit facet Fi, and such

that adjacent simplices do not have the same exit facet,

then the corresponding hybrid system HS is bi-similar with

its discrete quotient system DS, (and therefore decidable).

Moreover, the bi-similarity of HS and DS can be shown

without iterative refinement of the fixed partition I(l), l ∈
L.

Note that in a worst case scenario, checking the sufficient

conditions for bi-similarity between HS and its discrete

quotient DS requires the application of Proposition 6 and

Proposition 7 to each of the N + 1 facets of each of the

simplices I(l), l ∈ L.

V. RECTANGULAR MULTI-AFFINE HYBRID SYSTEMS

An N -dimensional rectangle in IRN
is characterized

by two vectors a = (a1, . . . , aN ) ∈ IRN
and b =

(b1, . . . , bN ) ∈ IRN
, with the property that ai < bi for

all i = 1, . . . , N :

RN = {x = (x1, . . . , xN ) ∈ IRN | ai ≤ xi ≤ bi,

i = 1, . . . , N}. (14)

The set of 2N vertices of RN is denoted by VN , and may

be characterized as

VN =
N∏

i=1

{ai, bi} (15)

For k = 1, . . . , N , let ξk : {ak, bk} −→ {0, 1} denote the

indicator function

ξk(ak) = 0, ξk(bk) = 1, k = 1, . . . , N. (16)

Then RN has 2N facets described by

F
j,ξj(wj)
N = RN ∩ {x ∈ IRN | xj = wj}, (17)

with corresponding outer normals given by

n
j,ξj(wj)
N = (−1)ξj(wj)+1ej , (18)

for all wj ∈ {aj , bj} and j = 1, . . . , N , where ej , j =
1, . . . , N denotes the Euclidean basis of IRN

.

A multi-affine function f : IRN −→ IRm
(with N,m ∈

IN) is a polynomial in the indeterminates x1, . . . , xN with

the property that the degree of f in any of the indeterminates

x1, . . . , xN is less than or equal to 1. Stated differently, f
has the form

f(x1, . . . , xN ) =
∑

i1,...,iN∈{0,1}
ci1,...,iN

xi1
1 · · ·xiN

N , (19)
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with ci1,...,iN
∈ IRm

for all i1, . . . , iN ∈ {0, 1} and using

the convention that if ik = 0, then xik

k = 1.

Lemma 9: A multi-affine function (19) is uniquely de-

termined by its values f(v1, . . . , vN ) at the vertices of

an N -dimensional rectangle RN . Moreover, its restriction

f : RN −→ IRm
is a (unique) convex combination of its

values at the vertices:

f(x1, . . . , xN ) =
∑

(v1,...,vN )∈VN

∏N
k=1

(
xk−ak

bk−ak

)ξk(vk)

·(
bk−xk

bk−ak

)1−ξk(vk)

f(v1, . . . , vN )
(20)

The proof of the above Lemma can be found in [26].

Remark 10: The restriction of a multi-affine function f

on RN to a facet F
j,ξj(wj)
N , wj ∈ {aj , bj}, j = 1, . . . , N of

RN (which is a rectangle in IRN−1
) is itself a multi-affine

function, and for each x ∈ F
j,ξj(wj)
N , f(x) is a convex

combination of the values of f at the vertices of F
j,ξj(wj)
N .

Using the property of Remark 10, the results of Propo-

sitions 5, 6, and 7 for affine systems on simplices, may be

generalized to multi-affine systems with polyhedral bounds

defined on rectangles:

ẋ = f(x), f : RN → U ⊆ IRN
(21)

Proposition 11: For any j = 1, . . . , N , and any wj ∈
{aj , bj}, there is no trajectory of (21), (19) leaving RN

through F
j,ξj(wj)
N if and only if n

j,ξj(wj)
N

T
f(v) ≤ 0, for all

v = (v1, . . . vN ) ∈ VN with vj = wj .

Proposition 12: There exists a multi-affine vector field

(21), (19) on RN whose trajectories never leave RN if and

only if the following 2N polyhedral sets are nonempty:

U(v1,...,vN ) = U ∩
N⋂

j=1

{g ∈ IRN |nj,ξj(vj)
N

T
g ≤ 0} (22)

for all (v1, . . . , vN ) ∈ VN .

Proposition 13: There exists a multi-affine vector field

(21), (19) driving all initial states in the rectangle RN

through an arbitrary exit facet F
j,ξj(wj)
N in finite time if

the following 2N sets are nonempty:

U(v1,...,vN ) = U
⋂

{g ∈ IRN |nj,ξj(wj)
N

T
g > 0 and

n
i,ξi(vi)
N

T
g ≤ 0 for all i = 1, . . . , N, i �= j} (23)

for all vertices (v1, . . . , vN ) ∈ VN .

A proof of Proposition (13) can be found in [26].

Propositions 12 and 13 provide a solution to Problem 1

for rectangular multi-affine hybrid systems.

Theorem 14: Let I(l), l ∈ L be a given set of rectangular

invariants belonging to a multi-affine hybrid system HS.

Let U ⊂ IRN
be a polyhedral set. If for every l ∈ L there

exists a vector field fl : I(l) −→ U satisfying either Propo-

sition 12 or Proposition 13 for an arbitrary exit facet F of

the rectangle I(l), and such that adjacent rectangles do not

have the same exit facet, then the corresponding multi-affine

hybrid system HS is bi-similar with its discrete quotient

Fig. 2. A triangular partition of a planar environment. The shaded regions
represent obstacles. Robots starting from arbitrary initial positions in the
lower triangle are required to leave the rectangular region in finite time
through the upper edge, while avoiding obstacles and observing velocity
bounds. Nine sample trajectories are shown for illustration.

system DS, (and therefore decidable). Furthermore, the bi-

similarity of HS and DS can be shown without iterative

refinement of the fixed partition I(l), l ∈ L.

In a worst case scenario, checking the sufficient condi-

tions of Theorem 14 for bi-similarity between HS and its

discrete quotient DS requires the application of Proposition

12 and Proposition 13 to each of the 2N facets of each of

the (multi-dimensional) rectangles I(l), l ∈ L.

VI. MOTION PLANNING EXAMPLE

Consider a large number M of identical fully actuated

planar robots described by control systems

ẋi = ui, i = 1, . . . , M, ui ∈ U (24)

where xi ∈ IR2
is the position vector of robot i in the

world frame and ui ∈ U ⊆ IR2
is the corresponding control

restricted to a rectangular set U = [−1 , 1] × [0 , 1], i.e.,
the control magnitude on each axis is bounded to 1 and the

robots are restricted to move in the direction of positive y.

The task is to generate feedback control laws ui(xi) to

move the robots from an initial to a final region of the task

space in finite time, while avoiding obstacles and observing

the velocity bounds ui ∈ U . Assume that the initial region,

the position and size of the obstacles, and the final region

induce a triangular partition of the plane as shown in Figure

2. We solve this problem by constructing vector fields that

obey the control restrictions everywhere in a triangle and

drive all states in the initial triangle through the desired

sequence corresponding to the task.
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Fig. 3. The choice of vector fields at the vertices of each triangle and
the corresponding unique affine vector fields in each triangle.

Using Proposition 7 in each of the allowed triangular

invariants I(li), i = 1, . . . , 4 (i.e., triangles which are not

occupied by obstacles), we derived necessary and sufficient

conditions for the existence of affine vector fields (restricted

to the polyhedral set U ) driving all initial states through a

separating facet in finite time. Our choice of vector fields

at the vertices and the corresponding unique affine vector

fields for each of the triangles are given in Figure 3.

Note that, for adjacent triangles, we chose the same

velocity values at the vertices corresponding to the common

facet. This guarantees the continuity of the vector field ev-

erywhere. Indeed, the vector fields in two adjacent triangles

coincide on the separating facet, since their restrictions to

the separating facet, which is a lower dimensional simplex,

are uniquely determined by the values at the corresponding

vertices. Therefore, the condition in Theorem 8 that adjacent

simplices do not have the same exit facet is automatically

satisfied.

The trajectories of M = 9 robots originating at arbitrary

initial states in the initial triangle are shown for illustration

in Figure 2.

VII. CONCLUSION

In this paper, we consider the problem of constructing

vector fields with polyhedral bounds in each of the regions

produced by a partition of a state space so that the resulting

hybrid system is decidable. We consider two classes of

hybrid systems, triangular affine systems and rectangular

multi-affine systems, and show that the decidability of such

systems is guaranteed if some specified polyhedral sets

are nonempty. This reverse engineered approach to formal

analysis of hybrid systems is illustrated in a robotic motion

generation simulation example. Future work will be focused

on property based reachability analysis, safety verification,

and control of such systems, as well as on applications to

motion and control problems in robotics.

REFERENCES

[1] R. Alur, T. Henzinger, and E. Sontag, Eds., Hybrid Systems III:
Verification and Control, ser. LNCS 1066. Springer-Verlag, 1996.

[2] T. Henzinger and S. Sastry, Eds., Hybrid Systems: Computation and
Control, ser. LNCS 1386. Springer, 1998.

[3] F. Vaandrager and J. van Schuppen, Eds., Hybrid Systems: Compu-
tation and Control, ser. LNCS 1569. Springer, 1999.

[4] N. Lynch and B. Krogh, Eds., Hybrid Systems: Computation and
Control, ser. LNCS 1790. Springer, 2000.

[5] M. Bern and D. Eppstein, Mesh Generation And Optimal Triangu-
lation, ser. Lecture Notes Series on Computing. World Scientific,
1992, vol. 1.

[6] C. Belta, L. Habets, and V. Kumar, “Control of multi-affine systems
on rectangles with applications to hybrid biomolecular networks,”
in 41st IEEE Conference on Decision and Control, Las Vegas, NV,
2002.

[7] C. Belta, “On controlling aircraft and underwater vehicles,” in IEEE
International Conference on Robotics and Automation, New Orleans,
LA, 2004.

[8] L. Habets and J. van Schuppen, “A control problem for affine
dynamical systems on a full-dimensional polytope,” Automatica,
vol. 40, pp. 21–35, 2004.

[9] R. Alur, C. Courcoubetis, N. Halbwachs, T. A. Henzinger, P.-H. Ho,
X. Nicollin, A. Oliviero, J. Sifakis, and S. Yovine, “The algorithmic
analysis of hybrid systems,” Theoretical Computer Science, vol. 138,
pp. 3–34, 1995.

[10] R. Alur, T. Dang, and F. Ivancic, “Progress on reachability analysis
of hybrid systems using predicate abstraction,” in Hybrid Systems:
Computation and Control, LNCS 2623. Springer-Verlag, 2003, pp.
4–19.

[11] D. M. R. Park, Concurrency and automata on infinite sequences,
ser. Lecture Notes in Computer Science. Springer-Verlag, 1980,
vol. 104.

[12] R. Milner, Communication and Concurrency. Prentice Hall, 1989.
[13] G. J. Pappas, “Bisimilar linear systems,” Automatica, vol. 39, no. 12,

pp. 2035–2047, 2003.
[14] E. Haghverdi, P. Tabuada, and G. Pappas, Bisimulation relations for

dynamical and control systems, ser. Electronic Notes in Theoretical
Computer Science, Blute and e. Peter Selinger, Eds. Elsevier, 2003,
vol. 69.

[15] T. A. Henzinger, P. W. Kopke, A. Puri, and P. Varaiya, “What is
decidable about hybrid automata?” J. Comput. Syst. Sci., vol. 57, pp.
94–124, 1998.

[16] R. Alur and D. L. Dill, “A theory of timed automata,” Theoret.
Comput. Sci., vol. 126, pp. 183–235, 1994.

[17] R. Alur, C. Courcoubetis, T. A. Henzinger, and P. H. Ho, “Hybrid
automata: An algorithmic approach to the specification and verifica-
tion of hybrid systems,” in Lecture Notes in Computer Science. New
York: Springer-Verlag, 1993, vol. 736, pp. 209–229.

[18] X. Nicolin, A. Olivero, J. Sifakis, and S. Yovine, “An approach to
the description and analysis of hybrid automata,” in Lecture Notes
in Computer Science. New York: Springer-Verlag, 1993, vol. 736,
pp. 149–178.

[19] A. Puri and P. Varaiya, “Decidability of hybrid systems with rectan-
gular differential inclusions,” Computer Aided Verification, pp. 95–
104, 1994.

[20] G. Lafferriere, G. J. Pappas, and S. Sastry, “O-minimal hybrid
systems,” Math. Control, Signals, Syst, vol. 13, no. 1, pp. 1–21, 2000.

[21] G. Lafferriere, G. J. Pappas, and S. Yovine, “A new class of decidable
hybrid systems,” in Lecture Notes in Computer Science. New York:
Springer-Verlag, 1999, vol. 1569, pp. 137–151.

[22] ——, “Reachability computation for linear hybrid systems,” in Proc.
14th IFAC World Congress, Beijing, P.R.C, July 1999.

[23] R. Alur, T. Dang, and F. Ivancic, “Reachability analysis of hybrid
systems via predicate abstraction,” in Fifth International Workshop
on Hybrid Systems: Computation and Control, Stanford, CA, 2002.

[24] A. Tiwari and G. Khanna, “Series of abstractions for hybrid au-
tomata,” in Fifth International Workshop on Hybrid Systems: Com-
putation and Control, Stanford, CA, 2002.

[25] R. Ghosh, A. Tiwari, and C. Tomlin, “Automated symbolic reacha-
bility analysis; with application to delta-notch signaling automata,”
in Lecture Notes in Computer Science. New York: Springer-Verlag,
2003, vol. 2623, pp. 233–248.

[26] C. Belta and L. Habets, “Control of rectangular multi-affine systems
with applications to genetic networks,” IEEE Transactions on Auto-
matic Control, 2004, submitted.

472
Authorized licensed use limited to: BOSTON UNIVERSITY. Downloaded on December 28,2023 at 22:34:58 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Courier
    /Helvetica
    /Helvetica-Bold
    /Times-Bold
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


